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About amenability of subgroups of the group of dieomorphisms of the
interval.
E.T.Shavgulidze
Department of Mehanis and Mathematis, Mosow State University, Mosow,
119991 Russia
Averaging linear funtional on the spae ontinuous funtions of the group of
dieomorphisms of interval is found. Amenability of several disrete subgroups
of the group of dieomorphisms Diff3([0, 1]) of interval is prove. In partiular, a
solution of the problem of amenability of the Thompson's group F is given. See
about the Thompson's group F in [1℄.
Let Diff1+([0, 1]) be the group of all dieomorphisms of lass C
1
of interval [0, 1]
that preserve the endpoints of interval, and let Diff3+([0, 1]) be the subgroup of
Diff1+([0, 1]) onsisting of all dieomorphisms of lass C
3([0, 1]), and
Diff30([0, 1]) = {f ∈ Diff3+([0, 1]) : f ′(0) = f ′(1) = 1}.
The group Diff1+([0, 1]) is equipped with the topology inherited from the spae
C1([0, 1]).
For any positive δ < 1, denote by C1,δ0 ([0, 1]) the set of all funtions f ∈ C1([0, 1])
suh that f(0) = 0 and ∃C > 0 ∀t1, t2 ∈ [0, 1] |f ′(t2)−f ′(t1)| < C|t2− t1|δ. Dene
a Banah struture on the linear spae C
1,δ
0 ([0, 1]) by a norm
‖f‖1,δ = |f ′(0)|+ sup
t1,t2∈[0,1]
|f ′(t2)− f ′(t1)|
|t2 − t1|δ
for any funtion f ∈ C1,δ0 ([0, 1]).
Let Diff1,δ+ ([0, 1]) = Diff
1
+([0, 1])
⋂
C
1,δ
0 ([0, 1]). It is easy to see that Diff
1,δ
+ ([0, 1])
is a subgroup of the group Diff1+([0, 1]). The subgroup Diff
1,δ
+ ([0, 1]) is equipped
with the topology inherited from the spae C
1,δ
0 ([0, 1]).
Let Cb(Diff
1,δ
+ ([0, 1])) be the linear spae of all bounded ontinuous funtions on
the spae Diff1,δ+ ([0, 1]), and let Cb(Diff
1
+([0, 1])) be the linear spae of all bounded
ontinuous funtions on the spae Diff1+([0, 1]).
Introdue the funtions e1,δ : Diff
1,δ
+ ([0, 1]) → R, e1,0 : Diff1+([0, 1]) → R by
setting e1,δ(g) = 1 for any g ∈ Diff1,δ+ ([0, 1]) and e1,0(f) = 1
for any f ∈ Diff1+([0, 1]). Let Fg(f) = F (g−1 ◦ f) for any g ∈ Diff30([0, 1]),
f ∈ Diff1,δ+ ([0, 1]) and F ∈ Cb(Diff1,δ+ ([0, 1])).
Theorem 1. For any positive δ < 12 , there exists a linear funtional
Lδ : Cb(Diff
1,δ
+ ([0, 1])) → R suh that Lδ(e1,δ) = 1, |Lδ(F )| ≤ sup
f∈Diff1,δ+ ([0,1])
|F (f)|,
Lδ(F ) ≥ 0 for any nonnegative funtion F ∈ Cb(Diff1,δ+ ([0, 1])), and
Lδ(Fg) = Lδ(F ) for any g ∈ Diff30([0, 1]) and F ∈ Cb(Diff1,δ+ ([0, 1])).
The restrition of any funtion of the spae Cb(Diff
1
+([0, 1])) on Diff
1,δ
+ ([0, 1])
belon to the spae Cb(Diff
1,δ
+ ([0, 1])). Hene we obtain the following assertion.
Corollary 1.1. There exists a linear funtional L0 : Cb(Diff
1
+([0, 1]))→ R suh
that L0(e1,0) = 1, |L0(F )| ≤ sup
f∈Diff1+([0,1])
|F (f)|, L0(F ) ≥ 0 for any nonnegative
1
2funtion F ∈ Cb(Diff1+([0, 1])), and L0(Fg) = L0(F ) for any g ∈ Diff30([0, 1]) and
F ∈ Cb(Diff1+([0, 1])).
We say that a disrete subgroup G of Diff30([0, 1]) satises ondition (a), if there
is a suh C > 0 that
sup
t∈[0,1]
| ln(g′1(t))− ln(g′2(t))| ≥ C for any g1, g2 ∈ G, g1 6= g2.
Theorem 2. If a disrete subgroup G of Diff30([0, 1]) satises ondition (a),
then the subgroup G is amenable.
Proof.Let B(G) be the linear spae of all bounded funtions on the group G.
Let positive δ < 12 , let
p(f) = | ln(f ′(0)|+ sup
t1,t2∈[0,1]
| ln(f ′(t2))− ln(f ′(t1))|
|t2 − t1|δ
and r(f) = inf
h∈G
p(h−1 ◦ f) for f ∈ Diff1,δ+ ([0, 1]), θ(t) = 1 − t for t ∈ [0, 1] and
θ(t) = 0 for t > 1.
For any xed f ∈ Diff1,δ+ ([0, 1]), C > 0, the set of funtions {ψ : ψ(t) =
ln(g′(t)), g ∈ G, pn(g ◦f) < C} ontain in a ompat subset of the spae C([0, 1]),
therefore it is nite aording to ondition (à). Hene, we an dene the linear
mapping πδ : B(G) → Cb(Diff1,δ+ ([0, 1])) by setting
πδF (f) =
∑
h∈G
θ(pδ(h
−1 ◦ f)− r(f))F (h)∑
h∈G
θ(pδ(h−1 ◦ f)− r(f)) .
Assign a linear funtional l : B(G) → R by setting l(F ) = Lδ(πδF ).
It is easy to see that
|l(F )| = |Lδ(πδF )| ≤ sup
f∈Diff1,δ+ ([0,1])
|πδF (f)| ≤ sup
g∈G
|F (g)|,
l(F ) ≥ 0 for any nonnegative funtion F ∈ B(G), and l(eG) = 1, where eG(g) = 1
for all g ∈ G.
Denote by Fg(h) = F (g
−1 ◦ h) for F ∈ B(G), g, h ∈ G.
We have
πδFg(f) =
∑
h∈G
θ(pδ(h
−1 ◦ f)− r(f))F (g−1 ◦ h)∑
h∈G
θ(pδ(h−1 ◦ f)− r(f)) =
=
∑
h∈G
θ(pδ(h
−1 ◦ g ◦ f)− r(g ◦ f))F (h)∑
h∈G
θ(pδ(h−1 ◦ g ◦ f)− r(g ◦ f)) = πδF (g ◦ f),
hene l(Fg) = Lδ(πδFg) = Lδ(πδF ) = l(F ),
whih implies the assertion of Theorem 2.
In [2℄
 
E.Ghys and V.Sergiesu proved that The Thompson's group F is isomorphi
to a disrete subgroup G of Diff30([0, 1]) whih satises ondition (a), and therefore
we obtain the following assertion.
Corollary 2.1. The Thompson's group F is amenable.
For the proof Theorem 1 we need the following auxiliary assertions.
3Lemma 1. There exist positive onstants c1, c2 suh that
c12
n+1(n+1)! ≤
+∞∫
−∞
...
+∞∫
−∞
dx1...dxn√
(1 + x21)(1 + (x2 − x1)2)...(1 + (xn − xn−1)2)(1 + x2n)
≤
≤ c22n+1(n+ 1)!
for any natural n.
Proof. The Fourier transform of the funtion
1√
1+x2
is given by the Bessel
funtion of the seond kind
2√
2π
K0(y) =
2√
2π
+∞∫
0
cos(xy)dx√
1 + x2
=
1√
2π
+∞∫
−∞
e−ixydx√
1 + x2
(see [6℄).
Hene we have
I =
+∞∫
−∞
...
+∞∫
−∞
dx1...dxn√
(1 + x21)(1 + (x2 − x1)2)...(1 + (xn − xn−1)2)(1 + x2n)
=
=
2n
π
+∞∫
−∞
( K0(y))
n+1dx =
2n+1
π
+∞∫
0
( K0(y))
n+1dx.
There exist positive onstants ε < 1, c suh that − ln y
ε
< K0(y) < − ln y2 for
any y ∈ (0, ε), and 0 < K0(y) < ce−y for any y ≥ ε.
Thus,
I ≤ 2
n+1
π
[
ε∫
0
(− ln(y
2
))n+1dy +
+∞∫
ε
(ce−y)n+1dy] ≤
≤ 2
n+1
π
[
2∫
0
(− ln(y
2
))n+1dy + cn+1
+∞∫
ε
e−(n+1)ydy] =
=
2n+1
π
[2((n+ 1)!) +
cn+1e−(n+1)ε
n+ 1
],
and
I ≥ 2
n+1
π
ε∫
0
(− ln(y
ε
))n+1dy =
ε
π
2n+1(n+ 1)!,
whih implies the assertion of lemma 1.
Let
v1(τ) =
+∞∫
−∞
dτ1√
(1 + τ21 )(1 + (τ − τ1)2)
for τ ∈ R.
Lemma 2. The derivation v′1(t) is negative for any t > 0, and |v′1(t)| ≤ 4|t|v1(t)
for any t 6= 0.
4Proof. The derivation of the funtion v1(t) is equal
v′1(t) = −
+∞∫
−∞
(t− τ)dτ√
(1 + τ2)(1 + (t− τ)2)3 .
Taking τ1 = t− τ we reeive
v′1(t) = −
+∞∫
−∞
τ1dτ1√
(1 + τ21 )
3(1 + (τ1 − t)2)
=
= −
+∞∫
0
(
1√
1 + (τ1 − t)2
− 1√
1 + (τ1 + t)2
)
τ1dτ1√
(1 + τ21 )
3
=
= −
+∞∫
0
4 t τ21 dτ1
(
√
1 + (τ1 − t)2 +
√
1 + (τ1 + t)2)
√
(1 + τ21 )
3(1 + (τ1 − t)2)(1 + (τ1 + t)2)
.
Hene, if t > 0, then v′1(t) < 0.
If t 6= 0, then
|v′1(t)| ≤
+∞∫
0
4 |t| τ21 dτ1
(1 + τ21 )(1 + (τ1 + |t|)2)
√
(1 + (τ1 − t)2)(1 + τ21 )
≤
≤ 4|t|
+∞∫
0
dτ1√
(1 + (τ1 − t)2)(1 + τ21 )
=
4
|t|v1(t),
whih implies the assertion of lemma 2.
Let v(t) = v1(ln(t+
√
t2 − 1) for t ≥ 1.
Let us denote Dn = {(x1, ..., xn−1) : 0 < x1 < ... < xn−1 < 1}
and x−1 = xn−1 − 1, x0 = 0, xn = 1.
Let
u1,n(x1, ..., xn−1) =
n∏
k=1
1
xk − xk−1 v(
xk − xk−2
2
√
(xk − xk−1)(xk−1 − xk−2)
),
Jn =
1∫
0
1∫
x1
...
1∫
xn−2
u1,n(x1, x2, ..., xn−1)dx1dx2...dxn−1,
un(x1, ..., xn−1) = 1Jnu1,n(x1, ..., xn−1).
Lemma 3. The following equality is fullled
Jn = 2
n−1
+∞∫
−∞
...
+∞∫
−∞
dt1dt2...dt2n−1√
(1 + t21)(1 + (t2 − t1)2)...(1 + (t2n−1 − t2n−2)2)(1 + t22n−1)
for any natural n, and c12
3n−1(2n)! ≤ Jn ≤ c223n−1(2n)! .
Proof. Taking yk =
xk−xk−1
1−xn−1 we have
Jn =
1∫
0
1∫
x1
...
1∫
xn−2
u1,n(x1, x2, ..., xn−1)dx1dx2...dxn−1 =
5=
+∞∫
0
+∞∫
0
...
+∞∫
0
v(
y1 + 1
2
√
y1
)v(
1 + yn−1
2
√
yn−1
)
n−1∏
k=2
v(
yk + yk−1
2
√
ykyk−1
)
dy1dy2...dyn−1
y1y2...yn−1
.
Making substitutions t2k =
1
2 ln(yk) and taking into aount
ln(
yk + yk−1
2
√
ykyk−1
+
√
(
yk + yk−1
2
√
ykyk−1
)2 − 1 ) = |t2k − t2k−2|,
v(
yk + yk−1
2
√
ykyk−1
) = v1(|t2k − t2k−2|) =
= 2
+∞∫
−∞
dt2k−1√
(1 + (t2k−1 − t22k−2)(1 + (t2k − t2k−1)2)
,
v(
y1 + 1
2
√
y1
) = 2
+∞∫
−∞
dt1√
(1 + t21)(1 + (t2 − t1)2)
,
v(
1 + yn−1
2
√
yn−1
) = 2
+∞∫
−∞
dt2n−1√
(1 + t22n−1)(1 + (t2n−1 − t2n−2)2)
,
we reeive
Jn = 2
n−1
+∞∫
−∞
...
+∞∫
−∞
dt1dt2...dt2n−1√
(1 + t21)(1 + (t2 − t1)2)...(1 + (t2n−1 − t2n−2)2)(1 + t22n−1)
.
Thus the assertion of lemma 3 is an immediate onsequene of lemma 1.
Lemma 4. For arbitrary positive ε, it exist positive onstants c3 suh that
v(
y1 + a
2
√
y1a
)v(
a+ y2
2
√
ay2
) ≤ c3v( y1 + y2
2
√
y1y2
)
for all a, y1, y2, satisfying ε ≤ a ≤ 1, y1 > 0, y2 > 0, y1 + y2 ≤ 1.
Proof. Let t1 = − 12 ln(y1), t2 = − 12 ln(y2), α = − 12 ln(a) then 0 ≤ τ0 ≤ r =
− 12 ln(ε) and
v(
y1 + a
2
√
y1a
) = v1(t1 − α), v( a+ y2
2
√
ay2
) = v1(t2 − α), v( y1 + y2
2
√
y1y2
)v1(t2 − t1).
It follows from the lemma 2 that the derivation v′1(t) is negative for any t > 0
and the funtion v1(t) derease on [0,+∞).
Thus, v1(t) ≤ v1(0) =
+∞∫
−∞
dτ
(1+τ2) = π for any t ≥ 0.
As v1(t) > 0 for any t ∈ R, the funtion v1(t) is ontinuous and
lim
t→+∞
v1(t− r)
v1(t)
= 1,
then it exists positive onstant c∗ suh that v1(t− τ) ≤ c∗v1(t) for any
t > 0, τ ∈ [0, r].
Let c3 = π(c
∗)2.
If t2 ≥ t1, then t2 ≥ t2 − t1 ≥ 0 and
v1(t1−α)v1(t2−α) ≤ (c∗)2v1(t1)v1(t2) ≤ π(c∗)2v1(t2) ≤ π(c∗)2v1(t2−t1) = c3v1(t2−t1).
6If t1 ≥ t2, then v1(t1 − α)v1(t2 − α) ≤ c3v1(t1 − t2) = c3v1(t2 − t1).
Hene, v( y1+a2√y1a )v(
a+y2
2
√
ay2
) ≤ c3v( y1+y22√y1y2 ).
Let us dene a funtion ϑ(t) = 1 for t ∈ [0, 1] and ϑ(t) = 0 for t ∈ (−∞, 0)⋃(1,+∞).
Lemma 5. The following equality is valid
lim
n→∞
(
1∫
0
1∫
x1
...
1∫
xn−2
(1−ϑ(1
ε
max
1≤k≤n
(xk−xk−1)))un(x1, x2, ..., xn−1)dx1dx2...dxn−1) = 0
for any positive ε < 1.
Proof. We have
1∫
0
1∫
x1
...
1∫
xn−2
(1− ϑ(1
ε
max
1≤k≤n
(xk − xk−1)))un(x1, x2, ..., xn−1)dx1dx2...dxn−1 ≤
≤
n∑
k=1
1∫
0
1∫
x1
...
1∫
xn−2
(1− ϑ(1
ε
(xk − xk−1)))un(x1, x2, ..., xn−1)dx1dx2...dxn−1.
Let 1 ≤ k ≤ n. Let us take r = xk − xk−1 (ε ≤ r ≤ 1),
y′−1 = xn−1 − 1, y′0 = 0, y′1 = x1, ..., y′k−1 = xk−1,
y′k = xk+1 − r, ..., y′n−2 = xn−1 − r, y′n−1 = 1− r
and yl =
y′l
1−r for l = −1, 0, 1, ..., n− 1.
It follows from lemma 4 that it exists positive c3 suh that
v(
xk − xk−2
2
√
(xk − xk−1)(xk−1 − xk−2)
)v(
xk+1 − xk−1
2
√
(xk+1 − xk)(xk − xk−1)
) ≤
≤ c3v( xk+1 − xk + xk−1 − xk−2
2
√
(xk+1 − xk)(xk−1 − xk−2)
) = c3v(
y′k − y′k−2
2
√
(y′k − y′k−1)(y′k−1 − y′k−2)
)
.
Hene,
Ik =
1∫
0
1∫
x1
...
1∫
xn−2
(1− ϑ(1
ε
(xk − xk−1)))un(x1, x2, ..., xn−1)dx1dx2...dxn−1 ≤
≤ c3
Jn
1∫
ε
1
r
[
1−r∫
0
1−r∫
y′1
...
1−r∫
y′n−3
u1,n−1(y′1, y
′
2, ..., y
′
n−1)dy
′
1dy
′
2...dy
′
n−2]dr =
=
c3
Jn
1∫
ε
(1− r)dr
r
·
1∫
0
1∫
y1
...
1∫
yn−3
u1,n−1(y1, y2, ..., yn−1)dy1dy2...dyn−2 ≤
≤ | ln ε|c3Jn−1
Jn
≤ | ln ε| c3c2
16c1(2n− 1)n.
Thus,
0 ≤
1∫
0
1∫
x1
...
1∫
xn−2
(1− ϑ(1
ε
max
1≤k≤n
(xk − xk−1)))un(x1, x2, ..., xn−1)dx1dx2...dxn−1 ≤
7≤ n| ln ε| c3c2
16c1(2n− 1)n = | ln ε|
c3c2
16c1(2n− 1) ,
whih implies the assertion of lemma 5.
Lemma 6. The following equality is fullled
lim
n→∞
(
1∫
0
1∫
x1
...
1∫
xn−2
ϑ(
1
r
min
1≤k≤n
xk − xk−2
2
√
(xk − xk−1)(xk−1 − xk−2)
)
un(x1, x2, ..., xn−1)dx1dx2...dxn−1) = 0
for any r > 1.
Proof. We have
1∫
0
1∫
x1
...
1∫
xn−2
ϑ(
1
r
min
1≤k≤n
xk − xk−2
2
√
(xk − xk−1)(xk−1 − xk−2)
)
un(x1, x2, ..., xn−1)dx1dx2...dxn−1 ≤
≤
n∑
k=1
1∫
0
1∫
x1
...
1∫
xn−2
ϑ(
1
r
xk − xk−2
2
√
(xk − xk−1)(xk−1 − xk−2)
)
un(x1, x2, ..., xn−1)dx1dx2...dxn−1.
Let 1 ≤ k ≤ n. Making the same substitutions yl = xl−xl−11−xn−1 è t2l = 12 ln(yl) as
at lemma 3 we reeive
Ik =
1∫
0
1∫
x1
...
1∫
xn−2
ϑ(
1
r
xk − xk−2
2
√
(xk − xk−1)(xk−1 − xk−2)
)
un(x1, x2, ..., xn−1)dx1dx2...dxn−1 =
=
1
Jn
+∞∫
−∞
...
+∞∫
−∞
ϑ(
1
r
e2t2k + e2t2(k−1)
2et2ket2(k−1)
)
dt1dt2...dt2n−1√
(1 + t21)(1 + (t2 − t1)2)...(1 + (t2n−1 − t2n−2)2)(1 + t22n−1)
.
The inequality
e2t2k+e
2t2(k−1)
2et2k e
t2(k−1) ≤ r is valid if and only if
|t2k − t2k−2| ≤ a = ln(r +
√
r2 − 1).
Hene, ϑ(1
r
e2t2k+e
2t2(k−1)
2et2k e
t2(k−1) ) = ϑ(
1
a
|t2k − t2k−2|) è
Ik =
2n−1
Jn
+∞∫
−∞
...
+∞∫
−∞
ϑ( 1
a
|t2k − t2k−2|)dt1dt2...dt2n−1√
(1 + t21)(1 + (t2 − t1)2)...(1 + (t2n−1 − t2n−2)2)(1 + t22n−1)
.
As |t2k − t2k−2| ≤ a we have |t2k − t2k−3| ≤ |t2k−2 − t2k−3|+ a. Thus
1 + (t2k − t2k−3)2 ≤ (1 + (t2k−2 − t2k−3)2)4(1 + a)2
and
1
1 + (t2k−2 − t2k−3)2 ≤
4(1 + a)2
1 + (t2k − t2k−3)2 .
8Taking into aount
+∞∫
−∞
dt2k−1√
(1 + (t2k − t2k−1)2)(1 + (t2k−1 − t2k−2)2)
= v1(|t2k − t2k−2|) ≤ π
we reeive
Ik ≤ π2
n(1 + a)
Jn
+∞∫
−∞
...
+∞∫
−∞
+∞∫
−∞
...
+∞∫
−∞
(
t2k+a∫
t2k−a
dt2k−2)
dt1dt2...dt2k−3dt2k...dt2n−1√
(1 + t21)(1 + (t2 − t1)2)...(1 + (t2k−3 − t2k)2)...(1 + (t2n−1 − t2n−2)2)(1 + t22n−1)
=
=
8πa(1 + a)Jn−1
Jn
≤ c2πa(1 + a)
c1(2n− 1)n.
Hene
0 ≤
1∫
0
1∫
x1
...
1∫
xn−2
ϑ(
1
r
min
1≤k≤n
xk − xk−2
2
√
(xk − xk−1)(xk−1 − xk−2)
)
un(x1, x2, ..., xn−1)dx1dx2...dxn−1 ≤
≤ nc2πa(1 + a)
c1(2n− 1)n =
c2πa(1 + a)
c1(2n− 1) ,
whih implies the assertion of Lemma 6.
Dene the mapping A : Diff1+([0, 1])→ C0([0, 1]) by setting
A(q)(t) = ln(f ′(t))− ln(q′(0)) ∀t ∈ [0, 1].
The mapping A is a topologial isomorphism between the spae Diff1+([0, 1]),
C0([0, 1]) moreover
A−1(ξ)(t) =
∫ t
0
eξ(τ)dτ∫ 1
0 e
ξ(τ)dτ
.
Introdue the Wiener measure w on the spae C0([0, 1]). Dene a Borel measure
ν on Diff1+([0, 1]) by setting ν(X) = w(A(X)) for any Borel subset X of topologial
spae Diff1+([0, 1]).
Let δ ∈ (0, 12 ). It follows from the properties of Wiener measure w (see [5℄) that
measure ν is onentrated on the set Eδ = Diff
1,δ
+ ([0, 1]), i.d. ν(Eδ) = 1, moreover
the Borel subsets of metri spae Eδ is measurable with respet to the measure ν.
As was proved in [3℄, the measure ν is quasi-invariant with respet to the left
ation of subgroup Diff3+([0, 1]) on the group Diff
1
+([0, 1]), moreover
ν(gX) =
1√
g′(0)g′(1)
∫
X
e
g′′(0)
g′(0) f
′(0)− g′′(1)
g′(1) f
′(1)+
R
1
0
Sg(q(t))(q
′(t))2dt
ν(dq),
for any Borel subset X of topologial spae Diff1+([0, 1]),and any g ∈ Diff3+([0, 1]),
where gX = {g ◦ q : q ∈ X} and Sg(τ) = g
′′′(τ)
g′(τ) − 32 ( g
′′(τ)
g′(τ) )
2
(Shwartz derivative of
funtion g).
9Lemma 7. The following equality is valid∫
Eδ
(q′(0))l ν(dq) =
∫
Eδ
(q′(1))l ν(dq)
for any natural l.
Proof. Let ξ = A(q), i.d. ξ(t) = ln(f ′(t)) − ln(q′(0)). Then
q′(0) =
1∫ 1
0 e
ξ(τ)dτ
, q′(1) =
eξ(1)∫ 1
0 e
ξ(τ)dτ
.
Let us take
Ml =
∫
Eδ
(q′(1))l ν(dq) =
∫
Diff1+([0,1])
(q′(1))l ν(dq) =
=
∫
C0([0,1])
(
eξ(1)∫ 1
0
eξ(τ)dτ
)l ν(dq) =
∫
C0([0,1])
(
1∫ 1
0
eξ(1−τ)−ξ(1)dτ
)l ν(dq)
Let ζ(t) = ξ(1 − t) − ξ(1). The Wiener measure w is invariant with respet to
the ation ζ 7−→ ξ, thus,
Ml =
∫
C0([0,1])
(
1∫ 1
0 e
ζ(τ)dτ
)l ν(dq) =
=
∫
Diff1+([0,1])
(q′(0))l ν(dq) =
∫
Eδ
(q′(0))l ν(dq),
whih implies the assertion of Lemma 7.
Introdue the measure νn = ν ⊗ ...⊗ ν on the spae Enδ = Eδ × ...× Eδ.
Let c4 = 1 +M1 +M2 +
∫
E1
∫ 1
0
(q′(t))2dt ν(dq).
For any r > 0, g ∈ Diff3+([0, 1]), x = (x1, ..., xn−1) ∈ Dn, we write
Cg = 1 + max
0≤t≤1
(| g′′(t)
g′(t) |+ ( g
′′(t)
g′(t) )
2 + | g′′′(t)
g′(t) |) è
Xr,g,x = {(q1, ..., qn) : q1, ..., qn ∈ Eδ
|
n∑
k=1
[(xk − xk−1)(g
′′(xk−1)
g′(xk−1)
q′k(0)−
g′′(xk)
g′(xk)
q′k(1))+
+(xk − xk−1)2
∫ 1
0
Sg(xk−1 + (xk − xk−1)qk(t))(q′k(t))2dt]| ≤ 4c4Cgr}.
Lemma 8. If ǫ ∈ (0, 1), then the following inequality is fullled
νn(E
n
δ r X 3
√
ǫ,g,x) ≤ 2 3
√
ǫ for any g ∈ Diff3+([0, 1]), for any positive integer n and
x = (x1, ..., xn−1) ∈ Dn, satisfying the inequality
max
1≤k≤n
(xk − xk−1) < ǫ.
Proof. Let
f1(q1, ..., qn) =
n∑
k=1
(xk − xk−1)(g
′′(xk−1)
g′(xk−1)
q′k(0)−
g′′(xk)
g′(xk)
q′k(1)).
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Then
I1 =
∫
Eδ
...
∫
Eδ
f1(q1, ..., qn) ν(dq1)...ν(dqn) = M1
n∑
k=1
(xk−xk−1)(g
′′(xk−1)
g′(xk−1)
− g
′′(xk)
g′(xk)
).
As | g′′(xk−1)
g′(xk−1)
− g′′(xk)
g′(xk)
| ≤ Cg(xk − xk−1), we have
|I1| ≤M1Cg
n∑
k=1
(xk − xk−1)2 ≤M1Cgǫ
n∑
k=1
(xk − xk−1) = M1Cgǫ.
If k 6= l then∫
Eδ
∫
Eδ
(
g′′(xk−1)
g′(xk−1)
(q′k(0)−M1)−
g′′(xk)
g′(xk)
(q′k(1)−M1))
(
g′′(xl−1)
g′(xl−1)
(q′l(0)−M1)−
g′′(xl)
g′(xl)
(q′l(1)−M1))ν(dqk)ν(dql) = 0,
therefore
I2 =
∫
Eδ
...
∫
Eδ
(f1(q1, ..., qn)− I1)2 ν(dq1)...ν(dqn) =
n∑
k=1
(xk − xk−1)2
∫
Eδ
[
g′′(xk−1)
g′(xk−1)
(q′k(0)−M1)−
g′′(xk)
g′(xk)
(q′k(1)−M1)]2ν(dqk) ≤
≤ 2
n∑
k=1
(xk − xk−1)2[(g
′′(xk−1)
g′(xk−1)
)2
∫
Eδ
(q′k(0)−M1)2ν(dqk)+
+(
g′′(xk)
g′(xk)
)2
∫
Eδ
(q′k(1)−M1)2ν(dqk)] =
= 2
n∑
k=1
(xk − xk−1)2[(g
′′(xk−1)
g′(xk−1)
)2 + (
g′′(xk)
g′(xk)
)2][
∫
Eδ
(q′k(0))
2ν(dqk)− (M1)2] ≤
≤ 4M2Cg
n∑
k=1
(xk − xk−1)2 ≤ 4M2Cgǫ
n∑
k=1
(xk − xk−1) = 4M2Cgǫ.
Hene,
νn({(q1, ..., qn) : |f1(q1, ..., qn)−I1| ≥ 2c4Cg 3
√
ǫ}) ≤ I2
(2c4Cg 3
√
ǫ)2
≤ 4M2Cgǫ
(2c4Cg 3
√
ǫ)2
≤ 3√ǫ.
Thus
νn({(q1, ..., qn) : |f1(q1, ..., qn)| ≥ 3c4Cg 3
√
ǫ}) ≤ 3√ǫ.
Let
f2(q1, ..., qn) =
n∑
k=1
((xk − xk−1)2
∫ 1
0
Sg(xk−1 + (xk − xk−1)qk(t))(q′k(t))2dt.
Then
I3 =
∫
Eδ
...
∫
Eδ
|f2(q1, ..., qn)| ν(dq1)...ν(dqn) ≤
11
≤ 2Cg
n∑
k=1
(xk − xk−1)2
∫
Eδ
(
∫ 1
0
(q′k(t))
2dt)ν(dqk) ≤
≤ 2c4Cgǫ
n∑
k=1
(xk − xk−1) = 2c4Cgǫ.
Thus
νn({(q1, ..., qn) : |f2(q1, ..., qn)| ≥ 2c4Cg 3
√
ǫ}) ≤ I3
2c4Cg 3
√
ǫ
≤ 2c4Cgǫ
2c4Cg 3
√
ǫ
= ( 3
√
ǫ)2 ≤ 3√ǫ.
Hene,
νn(E
n
δ rX 3
√
ǫ,g,x) =
= νn({(q1, ..., qn) : |f1(q1, ..., qn) + f2(q1, ..., qn)| ≥ 4c4Cg 3
√
ǫ}) ≤
≤ νn({(q1, ..., qn) : |f1(q1, ..., qn)| ≥ 2c4Cg 3
√
ǫ})+
+νn({(q1, ..., qn) : |f2(q1, ..., qn)| ≥ 2c4Cg 3
√
ǫ}) ≤ 2 3√ǫ,
whih implies the assertion of Lemma 8.
Lemma 9. For any g ∈ Diff30([0, 1]), ǫ > 0, there are r > 1 and δ1 ∈ (0, 1) suh
that the inequality is valid
|
n∏
k=1
v( g(xk)−g(xk−2)
2
√
(g(xk)−g(xk−1))(g(xk−1)−g(xk−2))
)
v(
xk−xk−2
2
√
(xk−xk−1)(xk−1−xk−2)
)
− 1| ≤ ǫ,
g(x−1) = g(xn−1)− 1 for any natural n and any x = (x1, ..., xn−1) ∈ Dn satisfying
the inequality max
1≤k≤n
(xk − xk−1) < δ1, min
1≤k≤n
(
xk−xk−2
2
√
(xk−xk−1)(xk−1−xk−2)
) > r, where
x0 = 0, xn = 1, x−1 = xn−1 − 1,.
Proof. Let ǫ ∈ (0, 1). Let C = max
t1,t2∈[0,1]
| g′′(t1)
g′(t2)
|, δ1 = 1400(C+1) è r = e
8000(C+1)
ǫ
.
For any k (1 ≤ k ≤ n), there are x∗k−1, x∗∗k−1 ∈ (0, 1) suh that
g(xk)− g(xk−1) = g′(xk−1)(xk − xk−1) + 1
2
g′′(x∗k−1)(xk − xk−1)2 =
= g′(xk−1)(xk − xk−1)(1 +
g′′(x∗k−1)
2g′(xk−1)
(xk − xk−1)),
g(xk−1)− g(xk−2) = g′(xk−1)(xk−1 − xk−2) + 1
2
g′′(x∗∗k−1)(xk−1 − xk−2)2
= g′(xk−1)(xk−1 − xk−2)(1 +
g′′(x∗∗k−1)
2g′(xk−1)
(xk−1 − xk−2)),
for k ≥ 2 and for k = 1
g(x1)− g(x0) = g′(x0)(x1 − x0) + 1
2
g′′(x∗0)(x1 − x0)2 =
= g′(x0)(x1 − x0)(1 + g
′′(x∗0)
2g′(x0)
(x1 − x0)),
g(x0)− g(x−1) = g(1)− g(xn−1) = g′(1)(1− xn−1) + 1
2
g′′(x∗∗0 )(1 − xn−1)2 =
= g′(x0)(x0 − x−1)(1 + g
′′(x∗∗0 )
2g′(x0)
(x0 − x−1)).
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Hene
g(xk)− g(xk−2)
2
√
(g(xk)− g(xk−1))(g(xk−1)− g(xk−2))
=
=
xk − xk−2
2
√
(xk − xk−1)(xk−1 − xk−2)
(1 + λk(xk − xk−2)),
where
λk =
1
xk − xk−2 (
1 +
g′′(x∗k−1)(xk−xk−1)2+g′′(x∗∗k−1)(xk−1−xk−2)2
2g′(xk−1)(xk−xk−2)√
(1 +
g′′(x∗
k−1)
2g′(xk−1)
(xk − xk−1))(1 + g
′′(x∗∗
k−1)
2g′(xk−1)
(xk−1 − xk−2))
− 1).
As C(xk − xk−2) < Cδ1 = 1400 , then |λk| < 4C.
Let t = xk−xk−2
2
√
(xk−xk−1)(xk−1−xk−2)
and α = λk(xk − xk−2). Then
t(1 + α) =
g(xk)− g(xk−2)
2
√
(g(xk)− g(xk−1))(g(xk−1)− g(xk−2))
and |α| < 180 , t > 4.
Let us obtain τ = ln(t+
√
t2 − 1) > ln t > 1 and
β = ln[1 + α(
t
t+
√
t2 − 1)(1 +
(2 + α)t√
t2 − 1 +
√
t2(1 + α)2 − 1)].
Then
1
4 |α| ≤ |β| ≤ 4|α|, |β| ≤ 120 and
ln(t(1 + α) +
√
t2(1 + α)2 − 1) = ln(t+
√
t2 − 1)+
ln[1 + α(
t
t+
√
t2 − 1)(1 +
(2 + α)t√
t2 − 1 +
√
t2(1 + α)2 − 1)] = τ + β.
There exists θ ∈ (0, 1) suh that v(t(1 + α)) = v1(τ + β) = v1(τ) + v′1(τ + θβ)β.
It follows from the lemma 2 that |v′1(τ + θβ)| ≤ 4τ+θβv1(τ + θβ). As |θβ| ≤ 120 ,
we have |v′1(τ + θβ)| ≤ 10τ v1(τ).
Thus it exists ω(α, t) suh that |ω(α, t)| < 10 è v1(τ+β)
v1(τ)
= 1 + ω(α, t)β
τ
. Taking
aount
1
4 |λk(xk − xk−2)| = 14 |α| ≤ |β| ≤ 4|α| = 4|λk(xk − xk−2)|, we reeive
v( g(xk)−g(xk−2)
2
√
(g(xk)−g(xk−1))(g(xk−1)−g(xk−2))
)
v( xk−xk−2
2
√
(xk−xk−1)(xk−1−xk−2)
)
=
=
v1(τ + β)
v1(τ)
= 1 + ωk
xk − xk−2
ln xk−xk−2
2
√
(xk−xk−1)(xk−1−xk−2)
,
where ωk = ω(α, t)
β ln t
τ(xk−xk−2) è |ωk| ≤ 200C.
Hene
σ = ln(
n∏
k=1
v(
g(xk)−g(xk−2)
2
√
(g(xk)−g(xk−1))(g(xk−1)−g(xk−2))
)
v( xk−xk−2
2
√
(xk−xk−1)(xk−1−xk−2)
)) =
=
n∑
k=1
ln(1 + ωk
xk − xk−2
ln xk−xk−2
2
√
(xk−xk−1)(xk−1−xk−2)
)
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and
|σ| ≤ 2
n∑
k=1
|ωk| xk − xk−2
ln xk−xk−2
2
√
(xk−xk−1)(xk−1−xk−2)
≤ 400C
ln r
n∑
k=1
(xk − xk−2) = 800C
ln r
≤ ǫ
10
,
therefore
|
n∏
k=1
v(
g(xk)−g(xk−2)
2
√
(g(xk)−g(xk−1))(g(xk−1)−g(xk−2))
)
v(
xk−xk−2
2
√
(xk−xk−1)(xk−1−xk−2)
)
− 1| =
= |eσ − 1| ≤ e ǫ10 − e− ǫ10 ≤ ǫ
5
+
ǫ
5
< ǫ,
whih implies the assertion of Lemma 9.
Introdue the mapping Qn : Dn × Enδ → Eδ = Diff1,δ+ ([0, 1]) by setting
fn ◦ (ln)−1 = Qn(x1, ..., xn−1, ϕ1, ..., ϕn), where
fn(t) = xk−1 + (xk − xk−1)ϕk(n(t− k − 1
n
)),
ln(t) =
1
x1 − x0 +
n∑
m=2
(xm − xm−1) ϕ
′
2(0)ϕ
′
3(0)...ϕ
′
m(0)
ϕ′1(1)ϕ
′
2(1)...ϕ
′
m−1(1)
·
·(x1 − x0 +
k−1∑
m=2
(xm − xm−1) ϕ
′
2(0)ϕ
′
3(0)...ϕ
′
m(0)
ϕ′1(1)ϕ
′
2(1)...ϕ
′
m−1(1)
+
+(xk − xk−1) ϕ
′
2(0)ϕ
′
3(0)...ϕ
′
k(0)
ϕ′1(1)ϕ
′
2(1)...ϕ
′
k−1(1)
n(t− k − 1
n
))
for t ∈ [k−1
n
, k
n
], (x1, ..., xn−1) ∈ Dn, (ϕ1, ..., ϕn) ∈ Enδ .
The funtion f = fn ◦ (ln)−1 belongs to Diff1,δ+ ([0, 1]), beause the left derivation
f ′((ln)−1(
k − 1
n
− 0)) = n(xk−1 − xk−2)ϕk−1(1)·
·
x1 − x0 +
n∑
m=2
(xm − xm−1) ϕ
′
2(0)ϕ
′
3(0)...ϕ
′
m(0)
ϕ′1(1)ϕ
′
2(1)...ϕ
′
m−1(1)
(xk−1 − xk−2)ϕ
′
2(0)ϕ
′
3(0)...ϕ
′
k−1(0)
ϕ′1(1)ϕ
′
2(1)...ϕ
′
k−2(1)
n
=
= (x1 − x0 +
n∑
m=2
(xm − xm−1) ϕ
′
2(0)ϕ
′
3(0)...ϕ
′
m(0)
ϕ′1(1)ϕ
′
2(1)...ϕ
′
m−1(1)
)
ϕ′1(1)ϕ
′
2(1)...ϕ
′
k−1(1)
ϕ′2(0)ϕ
′
3(0)...ϕ
′
k−1(0)
.
is equal to the right derivation
f ′((ln)−1(
k − 1
n
+ 0)) = n(xk − xk−1)ϕk(0)·
·
x1 − x0 +
n∑
m=2
(xm − xm−1) ϕ
′
2(0)ϕ
′
3(0)...ϕ
′
m(0)
ϕ′1(1)ϕ
′
2(1)...ϕ
′
m−1(1)
(xk − xk−1) ϕ
′
2(0)ϕ
′
3(0)...ϕ
′
k
(0)
ϕ′1(1)ϕ
′
2(1)...ϕ
′
k−1(1)
n
=
= (x1 − x0 +
n∑
m=2
(xm − xm−1) ϕ
′
2(0)ϕ
′
3(0)...ϕ
′
m(0)
ϕ′1(1)ϕ
′
2(1)...ϕ
′
m−1(1)
)
ϕ′1(1)ϕ
′
2(1)...ϕ
′
k−1(1)
ϕ′2(0)ϕ
′
3(0)...ϕ
′
k−1(0)
.
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Write
Lδ,n(F ) =
1∫
0
1∫
x1
...
1∫
xn−2
∫
Eδ
...
∫
Eδ
F (Qn(x1, x2, ..., xn−1, ϕ1, ..., ϕn))·
·u(x1, x2, ..., xn−1)dx1dx2...dxn−1ν(dϕ1)...ν(dϕn)
for any funtion F ∈ Cb(Eδ) = Cb(Diff1,δ+ ([0, 1])).
Theorem 3. a funtion F belongs to the spae Cb(Diff
1,δ
+ ([0, 1])), let
a dieomorphism g belongs to the group Diff30([0, 1]).
Then lim
n→∞ |Lδ,n(Fg)− Lδ,n(F )| = 0.
Proof. Let F ∈ Cb(Diff1,δ+ ([0, 1])), C = sup
g∈Eδ
|F (f)|.
Let ǫ ∈ (0, 1) and g ∈ Diff30([0, 1]). Let us take positive ǫ1 satisfying the inequalities
ǫ1 <
1
8ǫ,
e4c5Cg
3
√
ǫ1 − e−4c4Cg 3√ǫ1 < ǫ.
It follows from the lemma 9 that there are r > 1 and δ1 ∈ (0, 1) suh that
|
n∏
k=1
v( g(xk)−g(xk−2)
2
√
(g(xk)−g(xk−1))(g(xk−1)−g(xk−2))
)
v(
xk−xk−2
2
√
(xk−xk−1)(xk−1−xk−2)
)
− 1| ≤ ǫ
for any positive integer n and for x = (x1, ..., xn−1) ∈ Dn satisfying the inequalities
max
1≤k≤n
(xk − xk−1) < δ1, min
1≤k≤n
( xk−xk−2
2
√
(xk−xk−1)(xk−1−xk−2)
) > r.
It follows from the lemma 8 that the inequality is valid νn(E
n
δ r X 3
√
ǫ1,g,x) ≤
2 3
√
ǫ1 ≤ ǫ for any positive integer n and for any x = (x1, ..., xn−1) ∈ Dn satisfying
the inequalities max
1≤k≤n
(xk − xk−1) < ǫ1.
It follows from the lemma 5, 6 that there exists a positive integer N suh that
1∫
0
1∫
x1
...
1∫
xn−2
(1−ϑ( 1
min(ǫ1, δ)
max
1≤k≤n
(xk−xk−1)))un(x1, x2, ..., xn−1)dx1dx2...dxn−1 < ǫ,
1∫
0
1∫
x1
...
1∫
xn−2
ϑ(
1
r
min
1≤k≤n
xk − xk−2
2
√
(xk − xk−1)(xk−1 − xk−2)
)
un(x1, x2, ..., xn−1)dx1dx2...dxn−1 < ǫ
for any integer n > N .
Let
φ(x1, x2, ..., xn−1) = ϑ(
1
min(ǫ1, δ)
max
1≤k≤n
(xk − xk−1)))
(1− ϑ(1
r
min
1≤k≤n
xk − xk−2
2
√
(xk − xk−1)(xk−1 − xk−2)
)),
then
1∫
0
1∫
x1
...
1∫
xn−2
φ(x1, x2, ..., xn−1)un(x1, x2, ..., xn−1)dx1dx2...dxn−1 ≥ 1−
15
−
1∫
0
1∫
x1
...
1∫
xn−2
(1−ϑ( 1
min(ǫ1, δ)
max
1≤k≤n
(xk−xk−1)))un(x1, x2, ..., xn−1)dx1dx2...dxn−1−
−
1∫
0
1∫
x1
...
1∫
xn−2
ϑ(
1
r
min
1≤k≤n
xk − xk−2
2
√
(xk − xk−1)(xk−1 − xk−2)
)
un, x2, ..., xn−1)dx1dx2...dxn−1 > 1− 2ǫ.
Let yk = g(xk), y = (y1, ..., yn−1) ∈ Dn,
g−1(y) = (x1, ..., xn−1) ∈ Dn, φg(y1, ..., yn−1) = φ(x1, ..., xn−1) and
gX 3√ǫ1,g,g−1(y) = {(ϕ1, ..., ϕn) : (q1, ..., qn−1) ∈ X 3√ǫ1,g,x,
Qn(y1, ..., yn−1, ϕ1, ..., ϕn) = g ◦ (Qn(x1, x2, ..., xn−1, q1, ..., qn−1))}.
It is easy to see that ϕk(t) =
g(xk−1+(xk−xk−1)qk(nt−k+1))−g(xk−1)
g(xk)−g(xk−1) , beause
(yk − yk−1)ϕ′2(0)ϕ′3(0)...ϕ′k(0)
(y1 − y0)ϕ′1(1)ϕ′2(1)...ϕ′k−1(1)
=
(xk − xk−1)q′2(0)q′3(0)...q′k(0)
(x1 − x0)q′1(1)q′2(1)...q′k−1(1)
We have
1∫
0
1∫
y1
...
1∫
yn−2
φg(y)un(y)νn(gX 3√ǫ1,g,g−1(y))dy1dy2...dyn−1 =
=
1∫
0
1∫
x1
...
1∫
xn−2
φ(x)un(x)(
∫
X 3√ǫ1,g,x
exp(
n∑
k=1
[(xk−xk−1)(g
′′(xk−1)
g′(xk−1)
q′k(0)−
g′′(xk)
g′(xk)
q′k(1))+
+(xk − xk−1)2
∫ 1
0
Sg(xk−1 + (xk − xk−1)qk(t))(q′k(t))2dt])ν(dq1)...ν(dqn))
n∏
k=1
v( g(xk)−g(xk−2)
2
√
(g(xk)−g(xk−1))(g(xk−1)−g(xk−2))
)
v(
xk−xk−2
2
√
(xk−xk−1)(xk−1−xk−2)
)
dx1dx2...dxn−1 ≥
≥ (1− ǫ)2
1∫
0
1∫
x1
...
1∫
xn−2
φ(x)un(x)νn(X 3√ǫ1,g,x)dx1dx2...dxn−1 ≥
≥ (1− ǫ)3
1∫
0
1∫
x1
...
1∫
xn−2
φ(x)un(x)dx1dx2...dxn−1 ≥ (1 − ǫ)3(1− 2ǫ).
Hene,
|Lδ,n(Fg)−
1∫
0
1∫
y1
...
1∫
yn−2
φg(y)un(y)(
∫
gX 3√ǫ1,g,g−1(y)
Fg(Qn(y, ϕ1, ..., ϕn))
ν(dϕ1)...ν(dϕn))dy1dy2...dyn−1| ≤ C(1− (1− ǫ)3(1− 2ǫ))
and
|Lδ,n(F )−
1∫
0
1∫
x1
...
1∫
xn−2
φg(x)un(x)(
∫
X 3√ǫ1,g,x
F (Qn(x, q1, ..., qn))
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ν(dq1)...ν(dqn))dx1dx2...dxn−1| ≤ C(1− (1 − ǫ)(1− 2ǫ)).
We have
|
1∫
0
1∫
y1
...
1∫
yn−2
φg(y)un(y)(
∫
gX 3√ǫ1,g,g−1(y)
Fg(Qn(y, ϕ1, ..., ϕn))
ν(dϕ1)...ν(dϕn))dy1dy2...dyn−1−
−
1∫
0
1∫
x1
...
1∫
xn−2
φg(x)un(x)(
∫
X 3√ǫ1,g,x
F (Qn(x, q1, ..., qn))
ν(dq1)...ν(dqn))dx1dx2...dxn−1| ≤
≤
1∫
0
1∫
x1
...
1∫
xn−2
φ(x)un(x)(
∫
X 3√ǫ1,g,x
|exp(
n∑
k=1
[(xk−xk−1)(g
′′(xk−1)
g′(xk−1)
q′k(0)−
g′′(xk)
g′(xk)
q′k(1))+
+(xk − xk−1)2
∫ 1
0
Sg(xk−1 + (xk − xk−1)qk(t))(q′k(t))2dt]
n∏
k=1
v( g(xk)−g(xk−2)
2
√
(g(xk)−g(xk−1))(g(xk−1)−g(xk−2))
)
v(
xk−xk−2
2
√
(xk−xk−1)(xk−1−xk−2)
)
− 1|
|F (Qn(x, q1, ..., qn))|ν(dq1)...ν(dqn))un(x)dx1dx2...dxn−1 ≤
≤ Cǫ(2 + ǫ)
1∫
0
1∫
x1
...
1∫
xn−2
φ(x)un(x)νn(X 3√ǫ1,g,x)dx1dx2...dxn−1 ≤ Cǫ(2 + ǫ),
whih implies the assertion of Theorem 3.
Dene a ultralter ℑ on the set positive integers suh that ℑ ontains the sets
{n, n+1, ...} for any positive integer n. We set Lδ(F ) = limℑ Lδ,n(F ) for any funtion
F ∈ Cb(Eδ).
Note that the limit always exists beause |Lδ,n(F )| ≤ sup
f∈Eδ
|F (f)|.
It is easy to see that L(e1,δ) = 1, |Lδ(F )| ≤ sup
f∈Eδ
|F (f)|, and L(F ) ≥ 0 for any
nonnegative funtion F ∈ B(G). In turn, Theorem 1 follows from Theorem 3.
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